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1. INTRODUCTION 
In this paper, we prove the following main theorem. 
THEOREM 1. Let G be a simple gmup of order 2a3b7C in zohich some Sylow 
sabgroup is cyclic. Then G is ~o~o~p~~c to FSL,(7), PSL,@), OT U,(3). 
This generalizes a theorem of Wales 1131, which establishes the same 
conclusion under the added hypothesis c = 1 (in which case, the Sylow 
7-group is necessarily cyclic). 
Interest in simple (2, 3, 7)-groups stems in part from Corollary 4 of the 
N-group paper [12], which implies that a simple group of order paqbrc 
(p, 4, and Y prime) necessarily has order 2a3%+c with r E (5,7, 13, 17). A 
classification of simple (2,3,5)-groups containing a cyclic Sylow subgroup 
appears in [8], while the other two cases are treated in [IO]. It has been 
conjectured that every simple group contains a Sylow subgroup that is cyclic. 
The proof of Theorem 1 is partly computational. It is independent of 
Wales’ classification of simple groups of order 2n3b7 and also independent 
of the N-group paper. The proof relies heavily on the theory of blocks with 
cyclic defect groups, developed by Dade in [5]. We obtain complete solutions 
to the degree equations for the principal 7-bIock. Given the solutions, it is 
relativeIy st~aightfor~~~ard, using known results, to classify the groups. The 
methods employed to solve the equations appear to be of independent interest 
and are developed in somewhat greater generality than required here. 
Section 2 deals with notation and preliminary results. Sections 3 and 4 
treat the cases in which the centralizer of a Sylow 7-subgroup has index 3 
and 6, respectively, in its normalizer. In both sections, we assume that the 
appropriate degree equations can be solved completely. In Section 5, we 
complete the proof by establishing this fact. 
326 
Cop>light 0 1974 by Academic Press, Inc. 
All rights of reproduction i  any form reserved. 
GROUPS OF ORDER 2”3b7’ 327 
2. NOTATION AND PRELIMINARY RESULTS 
G will denote a simple group of order 2Z3b7” containing a cyclic Spiow 
subgroup. Burnside’s theorem on normal complements implies that the 
Sylow 2-subgroup of G is noncyclic. The Sylow 3-group may be cyclic; 
however, in this case, it follows from [6, Theorem l] that G is isomorphic 
to PSI!,,(~) or PSI,,@). Since both these groups have cyclic Sylow 7-subgroups, 
the same must always hold for G. Let P denote a Sylow 7-group of G: 
C denote C,(P), and N denote Arc,(P)= S ince P is cyclic, N/C has order 1,2, 3, 
or 6. The first alternative contradicts Burnside’s theorem. Herzog [6, Theo- 
rem 21 proves that the second occurs only if G is isomorphic to P-‘&(8). 
We treat separately the cases 1 IV/C 1 = 3 and 1 IV/C 1 = 6. 
The symbol E will always denote a sign, that is: an integer which is &I. 
vg will denote the exponential p-adic valuation; if k is an integer, v,(k) is the 
largest integer h such that ph divides k. 
3. THE CASE j N/C j = 3 
This case actually arises in the groups P&(7) and U,(3). We shall prove 
the following lemma. 
LEMMA 3.1. If G is a simple group of order 2a3b7C containing a cyclic Sylow 
7-subgroup P such that / No(P)/Co(P)! = 3, then G is isomorphic to PSL&‘) 
or Us(3). 
Proof. We apply the theory of blocks with cyclic defect groups [SJ. The 
relevant facts are summarized in [7, Proposition 11. The principal 7-block 
of G, denoted B,(7), contains three nonexceptional characters ,~r (the identity), 
x3 , and x3 , and a family {xn j X E Al- of exceptional characters. Let z be an 
element of order 7. There are signs ~a I E3 9 Ea and nonnegative integers 
-‘cz I x3 I xA , ya , y3 , yA such that xi( 1 j = 3Q”i and x;(n) = ci for i E {2$ 3); 
~~(1) = 3”$2~* for X E A, and xAEAZ x,(r) = Ed; moreover, 
Ef = *1, 3xi2yi G 
I 
E,(mod 79 if iE (2,3) 
-3ci(mod 79 if i = 4. 
The set (2, 3,4} contains an element i such that 3”i2ui is odd and an element 
i such that 3”j2vj is relatively prime to 3; the congruences show that i and j 
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may be chosen distinct and that ej = + 1. We assume xa = ~a = 0 and 
~a = 1; then: 
a E (2, 3, 4j,, 3QJyt s 
.,[mod 79 if i#a 
- 3ci(mod 79 if i = 01. (A) 
(1) 1+1+1-3==0, (5) 1 - 27 + 8 + 18 = 0, 
(2) l-3-/-1+1=0, (6) 1 - 27 + 32 - 6 = 0, 
(3) 1 + 1 -t 4 - 6 = 0, (7) 1 - 27 + 512 - 486 = 0. 
(4) l-3+&-6=0, 
.If c > 2, the ody solutions me (1) cand (2) above. 
The second assertion is an immediate consequence of the first; proof of 
the first part will be given in Section 5. 
If c > 2, Lemma 3.2 imp& that G has a nonidentity character of degree 1, 
which is obviously impossible. So c = 1. At this point, we may quote 
(13, Theorem I]; alternatively, the proof may be completed as follows. 
Let 2 E (2, 3). Let ea = a and ea = b. If one of the exceptional characters 
X A is in the principal q-block B,(q), then so are all others. Let xn denote one 
of the exceptional characters; here iy. is theinteger appearing in Eqs. (A). Let 
I%: = {2, 3,4). Define T, = (i E R / xi E B,,(q)) and U,z = @ E K / ,&I) is 
not a power of p}. By [4, Lemma 21, Tn C U, . By [3, Proposition 11, there 
are no elements of order 7q, so [4, Lemma 31 implies that 1 + &T,ti3*~2~~ z 0 
(mod 4”“). Consequently, 
Applying the above criteria to solutions (4)-(7), we obtain the following 
alternatives for a and 6 (i.e., for j G I): 
Solution IGI 
4 23 - 3 * 7 or 23 - 32 ’ 7 
5 23. 33 * 7 
6 25 - 33 - 7 
7 - 
GROUPS OF ORDER 29’7c 329 
Since C,(P) = P and j N/C j = 3, the number of Syiow 7-subgroups of G 
is 2”3b-r. Hence, 2a3b-1 = 1 (mod 7). Th is eliminates the orders 2s3a7 and 
F3a7. In the remaining two cases, G has a character of degree 6. The main 
theorem of [ll] implies G is isomorphic to PS&(7) or C.a(3). 
This case is treated similarly tct that of the preceding section; however, 
no simple groups arise. A recent theorem of Ascbacher and Hall [t] on groups 
generated by a class of elements of order 3 is useful in eiiminating many 
solutions of the degree equations. 
Aoof. We assume the contrary. Let p be a generator of P. B,(7) contains 
six nonexcepti#~al characters x1 (the identity), xz , ~a , x4 , x5 , xs and a family 
{x,% 1 A E (11 of (7~ - I)/6 exceptional characters, a11 of the same degree. 
Exactly one of the exceptional characters, denote it x7 , is rational on all 
7-singular elements. There are signs ~a ,..., E, and nonnegative integers 
.T, 7 yz ,..,I x, , y, such that x<(p) = l i and xi(l) = 2”i3vc for i E (2, 3 ,..., 7). 
If i f 7, Xi(O) = Ei f or all 7-singular elements a; hence by restriction to a 
Sylow ‘I-group, ~~(1) EE Q (mod 79. Since G is simple, Pi3Yc > 1. We have 
the degree equations: 
If E = I, there is no distinction between exceptional and non~xceptio~~ 
characters; hence the terms ~~~2~~3~~ may be permuted freely. 
The second assertion follows from the first by examining the list of solu- 
tions; none satisfy the stronger congruences which must hold if c 2 2. Proof 
of the lirst statement is deferred until Section 5. 
By Lemma 4.2, we must have c = 1 and j G j = 2”3b7. We may quote 
[13, Theorem I] or complete the proof as follows. 
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For p E (2, 31, let C,‘, = {i / 2 9 a’ < 7, n(l) is not a power of 41. As in 
Section 3, we obtain bounds for a and 6: 
Using a computer, the above criteria were applied to each of the 147 solutions. 
In 94 cases, there is no possible value for tb or no possible value for b. The 
remaining 53 cases yield 114 alternatiTTes for a and b (together with the degrees 
in B,(7)). Since a Sylow 7-group is self-centralizing and ( N/C 1 - 6, the 
Sylow theorems imply that 2°-13b-1 = 1 (mod 7). This condition holds in 26 
of the 114 alternatives. Finally, 
1 + 2 xi(l)” I- 1 + i 2%‘i3asi < j G ] = 2a3b7; 
<=a i-2 
only in the following cases does this hold: 
Solution No. 1 G 1 Degrees in Principal 7-block 
25 
28 
30 
115 
116 
122 
128 
129 
130 
1 39 
1: 33: 
3Q 3a 2232 223s 2r5 
2 : 3,‘2s, 2:, 23, ;3 
1 33 ?, 2 . 3 23 2333 2”3 2532 ,9 , , 
1 9 3g 9 2 * 3” 2532 2532 2g3s 2r5 7 ? , 7 
1 39 > , 2 . 3” 2535 2535 283” 2.15 > , 7 f 
1, 3s, 2 .3”, 2633, 2832, 2s33, 2r5 
1, 39, 2 * 37, 2 . 37, 2 * 37, 223’2, 215 
1, 3Q, 2 * 37, 223”, 2”35, 2535, 215 
I, 3s, 2 + 37, 223”, 2238, 2437, 215 
By [4, Lemma 33, 1 + ZI(F+~Q~Y~ 1 2 < i < 7, xi E B,(3)} = 0 (mod 3b). 
In solution number 25, this forces the character of degree 2”38 to lie in the 
principa1 3-block, a contradiction since it must lie in a bIock of defect 1. 
In each remaining case, there are one or three characters of degree 2 .3=:, 
06 E (I, 4, 71, and all such characters are forced to lie in the principal 3-block. 
Since B,(3) n B,(7) is closed under complex conjugation, at least one of these 
characters, call it x, is real-valued. We proceed as in [13, Section 91. Let t be 
an element of order 3 central in a Sylow 3-subgroup. x(t) is rational and 
1 G : CG(t) 1 x(~)~x(l) = / G : Cc(z)] (mod 3), whence x(t) = x(l) (mod 3@+l) 
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and x(i) = -3”. This implies that the representation X associated with x 
has only two distinct eigenvalues on t, that the restriction of X to the subgroup 
generated by two conjugates of t has irreducible constituents of degree at 
most 2, and finally that any two non-commuting conjugates of t generate 
a group isomorphic to S&(3) (f or more details, see [13, p. 5877). Thus, G is 
generated by a class of elements of order 3 any two of which either commute 
or generate S%,(3). A theorem of Aschbacher and Hall [I] implies that G 
is isomorphic to Sp,(3), U,(3), or PGlJ,(3). But none of these are simple 
groups of order 2a387 with j N:C ] = 6. 
The proof of Theorem 1 is complete except for showing that the degree 
equations (A) and (B) have only the so!utions given in Lemmas 3.2 and 4.2, 
5. SOLVING THE DEGREE EQUATIONS 
This section is devoted to proving Lemmas 3.2 and 4.2. We consider a~ 
first the more general equation: 
1 + i E.jp2’q~j = 0, Ej = Al, 
j=* 
!“) 
pxjqyj G yjcj(mod r) for j E (2,3,,.., n). 
Here p and (1 are fixed primes, n, P, ya ,...? yn are fixed integers, and 7 is not 
divisible by p or q. Furthermore, we assume that 1 + CiGT yf + 0 (mod r) 
whenever T is a proper subset of {2, 3,..., n>. This assures that no proper 
subset of the terms on the left hand side of (*) add up to zero, as can be seen 
by reducing (*) moduIo r. 
We assume, in addition, that we are given certain constraints on the 
un~no~v~ E% ,..., E, , Sg ,...) x, , ys ,..., yra . The constraints will be denoted 
by %? and may consist of equalities, inequalities, and congruences on the 
cj , xj , and yj . 
A solution of (*) will be written as (~a ,..* f ela , q ,..., t, , y-2 )...? y%) and 
-- 
abbreviated (2, x, y). By f = 9 and P = 5’ (mod t), we shah mean, respec- 
tively, that xj = x$’ and .v~ ES .yj’ (mod t) for all j. Let f, = (2, 3 ,..., rz>. Let 
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Note that Y& Z, 7) and v$, Z, p) are always finite, as the quantities in 
parentheses are never zero. If S is any finite set of solutions, v,(S) denotes 
max@&, Z, 7) 1 (Z, 3,~) E S> and p,(S) denotes km. {p,(g, f ji) I(<, $3) E q. 
In Lemma 3.2 and in Lemma 4.2, we are given an equation of the type (*) 
and a set S of solutions of the equation. The assertion is that S is the complete 
set of solutions. The nest theorem deals with this situation. 
THEOREIVI 5.1. Let S = ((Zi ,F , j?J 1 i = 3,2 ,..., m] be a set of solutions 
of the eqzcution (*) satisfying the corzstraints %?‘. Assme that, ;f (Z, Z,J?) is any 
s0ZUtion of (*) sa~~sf~~g Q?:, then there exists i E (1,2 ,..., mj suclz tha;t 
(9 ‘z = t-6 ) 
(ii) f = .F~ (mod T) for sonze T > v&$ ) 5 , yi), 
(iii) 7 = y6 (mod && , %$ p ji,)). 
Then R = Z~ ) j? = pi , and S is the com@ete set of solutions of (*) satkfying 
the constraints 93. 
Proof. Write z = (~a , ~a ,..., c,), z.~ = (ciz , ++s ,..., E& and similarly for 
$ ZF~ , j-, and y$ . Let elp = ~J,(c~, 5: , jS) and zbQ = p&i , &, jr,). Then 
Xj s xSi (mod 7) and yj G yij (mod up> for all j; also 7 > V, . 
Let T = (j ~1% 1 sj = x&. By the definition of 7~~ , xij < v, for all j. 
If j # T, X, f Xij and xj = 3z,j (mod T); consequently, X~ > or, and ~‘3 = 0 
(mod p”s). It follows from the definition of u, and condition (ii) that yYj = q”is 
(mod ~“9) for all j. 
s 1 + C ejp2jqffi (modpup) 
j6T 
Thus, pv~ divides 1 -t xjET ejpetjgYij. However, this contradicts the definition 
of it’s unless T = I, , that is, xS = xi5 for all j. Thus, f - 3; . 
Now let U = (j E I, j yj = yij>. yij & V& , 4 , jji) < zcg for all j, so 
condition (iii) implies that yj > V&T, , S$ , &) and qvf z 0 (mod @‘+‘~*~i)). 
Let zfg -= v,(& , & , Ye). Proceeding as before with p and q interchanged, we 
obtain that U = 1, and7 = y6 . 
To establish conditions (i), (ii), and (iii) of Theorem 5.2, we shall use 
sequences {Us}:=,, , {zQ}:=~ , and {@li}:,l such that: 
(a) (z~f and (~3~) are sequences of positive integers such that ge = ~a =ZL I, 
ebl divides ai+1 and zli divides c+.+.~ for i E {O, I,..., I - I). 
GROUPS OF ORDER 2Q3b7C 333 
(b) Each Pi is a set of integers which are prime powers. 
(c) If t E Pi and t is not a power of p or q, then pLc; = q”* = 1 (mod t). 
If pj E P’i I then j < ui and q’“i = 1 (modpj). If q” E .Pi , then k < By and 
p”i = 1 (mod 9”). 
We say that a vector (2, X, 7) of integers is consistent with the constraints P? 
modulo (s, t) if there exists a vector (2, E’, 7’) such that Z = 2, IV E 2 (mod sj, 
7 E 2” d [mod t), and (2, 9,~‘) satisfies the constraints. Let 0 denote an 
(11 -- 1)-vector in which each component is zero. The sets S, , S, ,..., S, are 
defined inductively as follows: 
-- 
S, = ((c, 0,O) [ Z is an (rz - I)-vector with each component &l, 
(?, 0, i5) is consistent with the constraints modulo (1, 1)) 
s;+1 = {(CZ )...) E, ? x2 + g,ui ,..., x, + g,ui ) 3’2 f h,Vi ) . . . . yn + h&J j 
(Q )..., ET1 > x, I . ..) xn ) y2 )... , JJJ E Si , 0 < gj < Ui.+JUi and 0 < h, < ~+lj~i 
for j = Z,..., 8: 
Sic, = ((6 5,~) E Szl I (I), (2), (3), (4), and (5) hold} 
(1) If t E .Yi+1 and t is not a power ofp or q, then 1 + Cy=, Ejpzjqgy = 0 
(mod tj= 
(2) If p” E Ppi+1 ) there exists a subset T of I, such that 
1 + c ~p~jq’j = 0 (modp”). 
iET 
(3) If q” E PP<+l ) there exists a subset T of I, such that 
1 + c ejp2jqyi = 0 (mod qk). 
jET 
(4) (Z, F, F) is consistent with the constraints module (uitl , t+lj. 
(5j If p”f-bl = q’“‘i+l z 1 (mod T), then pmiqvj z yjef (mod 3,) for all 
j in I, . 
LEMMA 5.2. Let 0 < i < 1. If (2, $7) is a solution of (*) satisfjkzg Fy 
then there exists an element (Z, T’, 7’) ill Si such that 
2 = ;‘, 
K E 2 (mod ZQ), 
7 = J’ (mod zJ. 
Proof. Apply induction on i. Clearly the lemma holds for 0. Assume it 
true for i. It follows immediately that the desired element (2, 2,~‘) is 
contained in Si”,l . E?’ = Q , q’ = xj (mod z++i), and yji = yj (mod V& 
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It follows from the definition of ui+l , ai+i , and Pf,.l that, for each element t 
in @i.+1 not a power of p or q, 
but the latter quantity is zero since (C, Z, jj) is a solution. Hence, (C’, z’, 9’) 
satisfies condition (1). (2) is satisfied with T = (PE I, 1 xj = xj’>; this 
follows because, if xj + Xj’, then X$ 3 xi’ + Ui+l , and, hence, p@ = 0 
(modp”) for all k less than or equal to ZQ+~ (Recall that pk E 9i+l only if 
K < z++J. Likewise, (3) holds with T = {Jo.& 1 yj = yj’>. (4) follows 
immediately, and (5) hoIds for essentially the same reason as (1). Thus, 
(2, f’, 7’) E S$, * 
COROLLARV 5.3. Let S 6e a set of solutions of (*) sati@j&zg W. Assume (EQ], 
(vi]p and (PJ are C~QS~B SO that V&S) < Us a?ld pp(S) divides ~1. If SC C S, 
then S is the complete set ofsolectio~as of(*) satisfying ‘%I’. 
Proof. Lemma 5.2 implies that the hypotheses of Theorem 5.1 hold. 
We are now in a position to solve equations (A) and (B) with G = 1. For 
a fixed element (y. of {2,3,4], (A) is of the type (*) withp = 3, p = 2,~ = 4, 
r = 7, yz = -3, and yi = 1 if i f a. The constraints G? are: ~.a = 0, 
~a = 0, ~a = 1. For each a: in {2, 3,4), let S’(a) denote the subset of the 
solutions listed in Lemma 3.2 which satisfy (A) for this particular choice of M. 
Thus, S@) consists of solutions (2) and (41, S@) of solutions (3) and (6), and 
St*) of solutions (11, (51, and (7). A computation shows that Y&S(Q) = 3, 
~(S(2)) = 18, v3(Sfsl) f; 4, ~(S(3)) = 54, v~(S(~)) = 6, and ~~(S(~)) = 486. 
The sequences @J, {es>, and (P*) are defined as follows: 
i % Vi 8, 
0 1 1 
1 6 6 
2 12 12 5, 13,24,3” 
3 36 36 19,37 
4 144 144 97,577 
5 144 432 3” 
6 1296 1296 163,1297 
7 3888 3888 487, 26, 36 
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For each choice of 01, ~s(,!+)) < z+ and &S(“)) divides vi . For each of the 
three values of 01, the sets {S&a were constructed by computer. In each case, 
we obtain that S, _C W). Application of Corollary 5.3 completes the proof 
of Lemma 3.2. 
Finally we prove Lemma 4.2. Let (B’) denote the equations and congruences 
obtained from (B) by dropping the condition 2”i3~; > I. We shall solve (9) 
with a set V of constraints which, after permuting the terms ~~2~<3ui, must 
always hold for a solution of(B) (though not necessarily for a solution of (B’)). 
The solution set of (R) is then obtained by deleting those solutions of (B”) 
satisfying 9 for which some term 2~3~; is I. If vz is a no~negati~Te integer, 
ii will denote the remainder when for is divided by 12. The constraints %? are: 
(i) rs = 4’s = 0, 
(ii) Ed = 1, 
(iii) k’l =Oor 1, 
(iv) If ?s, = 0, us = 0, 
(v) IfEs=l,Xg<2, 
(vi) If .rs is even, min( y3 , Y-1 , ys , Ye , y7) = 0, 
(vii) If~,=1andF3=-1,~5~~?6, 
(viii) &. < f, . 
Conditions (vii) and (viii) are symmetry assumptions; the modulus 12 was 
chosen for convenience; it is possible to check if a vector (Z, $?, 3) is consistent 
with these constraints modulo (ui , YJJ as soon as 12 divides ui . The remaining 
constraints follow easily by reducing (B’) modulo 2,3,4, or 8 and by permuting 
terms if necessary. We illustrate the process vvith (iii), assuming (i) and (ii) 
proven. Since ys == 0 and 2”*3v% > 1, gs > 0. 2”~ = I (mod 7); hence, 
x2 > 3 and 2~ = 0 (mod 4). 3~3 = us (mod 7); hence ys = $(I - ~a) 
(mod 6). For either choice of the sign es, ~~3~3 == 1 (mod 4). Thus, 
1 + 2”~ + ~383 - 2 (mod 4). There is a further term 3”j3vi which is not 
divisible by 4. Permuting terms if necessary, we assume j = 4; then X~ < 1. 
The 147 solutions listed in the Appendix were extracted from a list of 184 
(unordered) solutions of (B’) satisfying g for one or more arrangements of 
the terms. The remaining 37 solutions (not listed here) have 2”j3v = 1 for 
some value ofj. Let S denote the set of all (ordered) solutions obtained from 
these 184 solutions by taking all possible arrangements of the terms for which 
the constraints ?? hold. The set S teas constructed by computer. 
If (2, F, 7) E S, then v&, Z, jji) < 17 and I.+& E, 7’) divides P, vvith one 
exception. The troublesome exception corresponds to solution (77) in the 
Appendix; we will denote it by (8, P, 7”). v&*~ +, y*) = 22 and 
ps(Z*, x*, _i*) = 2s”. (~~1, (z’J, and (P’i> are: 
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0 1 1 16 10368 6912 
1 12 6 13 17 10368 20736 
2 12 12 5,2" 18 10368 41472 
3 36 12 73,33 19 20736 41472 
4 36 36 37, 19,2*, 33 20 82944 41472 
5 36 108 109 21 165888 41472 
6 72 108 433, 24, 3s 22 165588 82944 
7 72 216 25 23 165888 165888 
' 8 72 432 17,26 24 331776 165888 
9 144 432 577,97,26,33 25 331776 663552 
10 288 432 193, 26 26 331776 1327104 
11 288 1728 1153,2s 27 663552 1327104 
12 576 1728 3457,28,3" 28 2654208 1327104 
12 576 6912 257,FO 29 2654208 53084I6 
14 1152 6912 769 2xo,33 
15 3456 6912 21$'34 
331777,210,35 
10369,3889,35 
211, 3" 
18433, 2x1, 35 
2x1 
12289,211 
21" 3s 
14;457 213 35 
530841;,9;5329,213 
215 35 
26;4209, 216 
p3 
1769473,2= 
1179649,65X%7, 
2'7 35 , 
The sets f&j& were constructed by computer. We obtain that S,, C S. 
- 5308416 = 21631;. Thus, &, Z, 7) divides zias unless (2, %, jj) = 
7” - E*, z*, 3”). If it were not for this exception, the proof of Lemma 4.2 would 
be complete. However, the argument used in proving Theorem 5.1 does 
show the following: If (Z, 5,~) is any solution of (B’) satisfying %, then 
either (z, 53) E S or else E = Z*‘, % = Z* (mod ups), and 7 z 7” (mod Q,)~ 
To prove that the two congruences are actually equalities, it was necessary 
to extend the sequences (u2j, (Vi>, and (P+j so as to make ~l$ = 22234, vz = 2”“134, 
and @r r= ~2717098993,2=, 351. (Th e rrme 2717908993 equals 2”j3& -j- 1, p . 
and the exponent of 3 is 22234.) However, there is an easier method if we use 
the fact that the terms 2-%‘Jf are degrees of characters in a simple group. 
Write xj = ‘cj* + 8zjua9 and yI = 3fj* + njvpg . Let u = ugg and et = cuss . 
1 -+ 221’@$4 _ 33-&V + 2 . 310f%V + 23+“5U36+%V I ‘-J10+?W‘37f%V 
Since 2% E I (mod 81), the value of the left side of the equation reduced 
module 81 is independent of the ~lrj; in fact, it is 27 - 33+n3v. Hence, ns = 0. 
The group G of Section 4 has au irreducible character of degree 27, which is 
rational as it is the only character of its degree in the principal 7-block. 
11 G 1 = 2a3”7C. A theorem of Schur implies that a 4 [27/l] + [27/2] + 
[27/4] + [27/8] -I- [27/16] = 50 and b < [27/2] + [27/6] 4 [27/18] = 18. Since 
x9 < a and JJ~ < b for aflj, it follows that all mj and fzi are zero. 
The proof of Lemma 4.2 is complete. Several procedures were used to 
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guard against errors in programming or computation. A completely separate 
(and logically simpler) program was used to find all solutions of the degree 
equations with yj < 13 and xj unbounded, or vice versa. The solutions found 
by this program were checked against the lists given in Lemma 3.2 and 4.2. 
The computations described in this article were performed at the Computer 
Center at the University of Illinois at Chicago Circle. The methods of 
Section 5 appear to be applicable to a wide class of diophantine equations in 
which the unknowns are restricted to have their prime divisors in a fixed, 
finite set. Further discussion of such equations is given in 191, 
APPENDIX. SOLUTIONS OF EQ. (I%) 
(1) 1 - 3s-- 33 - 33 + 2232 + 2z32 + 23 = 0 
(2) I - 33 - 33 - 33 + 23 + 23 + 2” = 0 
(3) 1 - 33 - 33 - 33 + 23 - 2333 + 253’ : 0 
(4) 1 - 33 - 33 - 33 -_ 2333 _ 2333 + 29 zz 0 
(5) 1 - 33 - 33 - 33 - 2”3 + 26 + 26 = 0 
(6) 1 - 33 - 33 - 33 - 243 + 2r3 + 2y = 0 
(7) 1 - 33 - 3s - 3s + 2434 - 2633 + 29 1 0 
(8) 1 - 33 - 3s - 33 - 2437 + 283” + 21” = 0 
(9) 1 - 33 - 3s + 36 - 2”35 f 2s + 253” =z 0 
po) 1 _ 33 _ 33 + 36 _ 223” - 2333 + 29 = 0 
(11) 1 - 33 - 33 - 39 + 23 + 243% f 21133 = 0 
(12) 1 -. 33 + 3s + 36 - 2”35 - 2235 + 2” E= 0 
(13) 1 - 33 + 36 + 3’j + 2” + 2532 - 2s33 = 0 
fl4) 1 -. 33 $- 3’5 + 3’5 - 2333 - 2633 + 29 x 0 
(1 j) 1 - 33 + 36 + 36 + 2336 - 2535 + 2” E 0 
(16) 1 - 33 +- 36 - 3g + 223” + 2” f 2rr3” = 0 
(17) 1 _ 3s + 36 - 39 -t 232 - 2933 +- 215 = 0 
(18) 1 - 3” + 36 -- 3g -+ 223e - 253s + 29 = 0 
(19) 1 - 33 +- 36 + 31” - 2437 + 29 - 21135 = 0 
(20) 1 - 33 - 39 - 39 - 2535 + 2636 $~ 2” = 0 
(21) 1 + 36 + 36 + 36 + 2”32 - 243’ $- 21” := 0 
(22) 1 $- 36 + 36 + 36 - 2235 - 2633 + 2g == 0 
(23) 1 + 36 + 3’j - 3g + 23 - 2333 + 2rr3” = 0 
(24) 1 $- 3’5 - 39 - 39 + 2”jz + 2336 + 215 = 0 
(25) 1 _ 39 _ 39 _- 39 + 2232 + 2’23s + 215 = 0 
(26) 1 - 33 - 2 . 3 - 2 . 3 - 2 . 3 + 2’3” j- 23 = 0 
(27j 1 - 33 - 2 . 3 + 2232 + 223’ + 23 - 2JL3 = 0 
(28) 1 - 33 - 2 . 3 + 23 + 23 + 23 + 23 = 0 
(29) 1 - 33 - 2 . 3 + 23 + 23 - 243 $- 2” == 0 
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(30) 1 - 33 - 2 . 3 + 23 - 2333 - 2"3 + 2532 = 0 
(31) 1 - 33 - 2 . 3 - 2333 - 2333 - 2"3 + 2s = 0 
(32) 1 - 33 - 2 . 3 - 2&3 - 243 + 26 + 26 = 0 
(33) 1 - 33 - 2 . 3 - 2"3 - 2J3 - 2'3 + 2s = 0 
(34) 1 - 33 - 2 . 3 - 2"3 + 2"34 - 2633 + 2s = 0 
(35) 1 - 33 - 2 . 3 - 2"3 - 2437 + 2832 + 215 = 0 
(36) 1 - 33 - 2 . 3 + 2g34 + 2434 + 2s - 21°3 = 0 
(37) 1 - 33 - 2 . 3 + 2532 + 26 + 2'j - 2'3 = 0 
(38) 1 - 33 - 2 . 3 + 2532 - 273 - 2'3 + 2s = 0 
(39) 1 - 33 - 2 . 3 -1 253" + 2"3' + 2s - 21°3 = 0 
(40) 1 - 33 - 2 . 3 - 2535 - 273 + 2n + 2= = 0 
(41) 1 - 33 - 2 . 3 - 253" - 273 - 2133 + 215 = 0 
(42) 1 - 33 - 2 . 3 - 253" + 2734 + 2" - 21°3 = 0 
(43) 1 - 33 - 2 . 3 + 2538 + 2s - 2s33 - 2=3 = 0 
(44) 1 - 33 + 2 . 34 + 2 . 34 + 2 . 3" - 2"35 + 29 = 0 
(45) 1 - 33 + 2 . 34 + 223” + 2”3” + 23 - 2333 = 0 
(46) 1 - 33 + 2 . 34 + 2'3" - 2235 + 2532 + 2s = 0 
(47) 1 - 33 + 2 . 3" - 2235 - 2235 + 2434 + 2" = 0 
(48) 1 - 33 + 2 . 3" -+ 23 + 23 - 2333 + 26 = 0 
(49) 1 - 33 + 2 . 34 + 23 - 2"33 - 2333 + 253" = 0 
(50) 1 - 33 + 2 . 3" -+ 23 - 2"3 - 2"3 - 2"3 =;I 0 
(51) 1 - 33 + 2 . 3" + 23 - 243 + 2532 - 273 = 0 
(52) I - 33 + 2 . 3" + 23 -+ 2"3" + 253" -- 2633 = 0 
(53) 1 - 3" + 2 . 3" - 2333 - 2333 - 2333 + 2s = 0 
(54) 1 - 33 + 2 . 34 - 2333 - 243 + 26 + 26 = 0 
(55) 1 - 3" + 2 . 34 - 2333 - 2A3 - 273 + 2s = 0 
(56) 1 - 33 + 2 . 3" - 2333 + 2"3" - 2633 + 2s = 0 
(57) 1 - 3" + 2 . 34 - 2333 - 2537 + 2832 + 215 = 0 
(58) I - 33 + 2 . 34 + 233" + 2434 - 2535 + 2s = 0 
(59) 1 - 33 - 2 . 3' - 2235 - 2235 + 2336 + 2s = 0 
(60) 1 - 33 - 2 . 37 -t 23 + 23 + 2532 + 2l" = 0 
(61) I - 35 - 2 . 37 + 23 - 2333 + 283" + 2s32 = 0 
(62) 1 - 33 - 2 . 3' + 23 - 2333 + 2" + 21" = 0 
(63) 1 - 33 - 2 . 3' + 23 - 2333 - 2s33 + 2113" = 0 
(64) 1 - 33 - 2 . 3' + 23 + 2336 + 253" - 2633 = 0 
(65) I - 33 - 2 . 3' - 2333 + 2336 - 2633 + 2s = 0 
(66) 1 - 33 - 2 . 3' + 2336 + 2336 - 2535 + 2s = 0 
(67) 1 - 33 - 2 . 3' - 243 + 2532 + 26 + 212 = 0 
(68) 1 - 33 - 2 . 3' + 243J + 2434 + 2"34 + 2s = 0 
(69) 1 - 33 - 2 .3' + 2431 + 2532 + 2832 + 2s = 0 
(70) 1 - 33 - 2 . 3' + 2434 - 2535 + 2734 + 2s = 0 
(71) 1 - 33 - 2 .3' - 2437 - 2535 + 2636 + 2s = 0 
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(72) 1 - 33 + 2 . 310 + 2” + 2532 -. 2535 _ 21”33 _ Q 
(73) 1 - 33 + 2 310 - 2333 - 2535 + 29 -. 21”33 = Q 
(74) 1 - 33 + 2 ' 310 + 2336 - 2335 - 2835 + 29 z Q 
(75) 1 - 33 + 2 . 310 + 2336 + 29 -- 2933 - 21233 = Q 
(76) 1 - 33 + 2 . 31” f 2336 + 29 $- 293’5 -- 21135 = Q 
(77) 1 - 33 + 2 310 + 2336 - 21037 + 21132 + 2'1 = Q 
(78) 1 - 33 + 2 . 310 - 2339 - 2535 + 2636 + 29 == Q 
(79) 1 - 33 - 2 . 313 - 2535 + 2538 + 29 + 21”36 = Q 
(80) 1 + 36 - 2 . 3 + 2”3” + 23 - 273 - 2’3 = 0 
(81) 1 + 36 - 2 . 3 + 2’32 + 23 + 283L - 21°3 = 0 
(82) 1 + 36 - 2 . 3 - 2235 + 22 - 243 f 253” = Q 
(83) 1 + 36 - 2 . 3 - 2”35 - 2333 - 2”3 + 2s = 0 
(84) 1 + 36 + 2 . 3* + 2 . 3* + 2 3” - 2”33 + 2s = 0 
(85) 1 + 36 + 2 . 3A + 223” + Z23? - 2235 + 23 = 0 
(86) 1 + 3’j + 2 . 3J + 2”3” + 2*3” - 2437 + 215 = 0 
(87) 1 + 36 + 2 . 3” + 2”3” + 253” - 2633 + 29 == 0 
(88) 1 + 36 + 2 . 3” - ~35 + 23 + 23 + 26 x Q 
(89) 1 + 36 + 2 . 3s - 2”35 + 23 - 2333 + 253” == 0 
(go) 1 + 36 + 2 . 34 - 2235 - 2333 - 2333 + 29 _1 Q 
(91) 1 + 36 $- 2 . 3” - 2235 - 2’3 + 26 + 26 = Q 
(92) 1 + 36 + 2 . 35 - 2”35 - 2*3 - 2:3 + 2s = 0 
(93) 1 + 36 + 2 . 3* - 2235 + 243s - 2633 f 29 = 0 
(94) 1 + 36 + 2 . 34 - y35 - 2437 + 283” f 215 _ Q 
(95) 1 + 36 + 2 . 3” + 2238 + 2s3z - 2835 + 215 .= 0 
(96) 1 + 36 + 2 . 3* + 2”3s + 29 - 2s3” - 2g3” = 0 
(97) 1 + 36 f 2 . 3” + y38 + 2s - 21°3 -- 2=3 = 0 
(98) 1 + 36 + 2 . 3* + 2”38 + 2g + 2’O3& - 2”33 = 0 
(99) 1 + 36 - 2 . 37 - 2 . 37 + 2 . 310 + 29 -~ 21”33 -= Q 
(100) 1 + 3’j - 2 . 37 + 2’3” + 23 + 2”3’ + 2832 = 0 
(101) 1 + 3” - 2 . 37 + 2232 + 2336 _ 243' + 2l5 = Q 
(102) 1 + 3” - 2 . 37 - 2”35 + 23 + 2s3z + 283” = 0 
(103) 1 + 36 - 2 . 37 - 2235 + 23 + 2s + P = 0 
(104) 1 + 3’j - 2 . 3’ - 2”35 + 23 - 2s33 + 21132 = 0 
(105) 1 + 36 - 2 . 37 - 2235 + 2336 - 2633 + 29 = Q 
(106) 1 + 36 + 2 . 31° + 223” + 2336 - 233g $ 215 = 0 
(107) 1 + 36 + 2 . 310 - 2”35 - 2535 + 29 - 21”33 = Q 
(108) 1 + 36 + 2 . 310 + 2”38 - 2437 + 29 - 21233 = Q 
(109) 1 - 3g - 2 . 3 + 23 - 2”3 + 2z3” + 2113L = 0 
(110) 1 -3s-2.3 + 2336 + 2538 + 2s - 2=3 = 0 
(111) 1 -3s-2-3-233s+2g+2g36-21R3 ==O 
(I 12) ] - 39 - 2 . 3 - 2339 - 2103 + 21’3” + 21” = @ 
(113) 1 - 39 + 2 . 31 + 23 - 3333 + 2’3” -+ 2113” = Q 
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(114) 1 - 3s + 2 . 3” + 2532 + 2532 + 2s + 2113” = 0 
(115) 1 - 3s + 2 .3” + 253” + 2532 - 2s33 + 215 = 0 
(116) 1 - 3s + 2 . 3” - 2535 - 2535 + 2s32 + 215 = 0 
(117) I - 3” + 2 . 3” + 2’j + 2s + 2g + 21132 = 0 
(118) 1 - 3s + 2 . 34 + 26 + 2” - 2s33 + 215 = 0 
(119) 1 - 3s + 2 . 34 + 26 - 21°3 + 21132 + 2l” = 0 
(120) 1 - 3s + 2 . 3” - 2633 + 273a + 2734 + 2s = 0 
(121) 1 - 3s + 2 . 3” - 2633 + 2”32 + 2s + 2113” = 0 
(122) 1 - 3g + 2 . 34 - 2633 + 2832 - 2g33 + 215 = 0 
(123) 1 - 3s + 2 .3” - 2633 - 2835 + 2s + 21034 = 0 
(124) 1 - 3g + 2 . 3” + 2636 + 2832 - 2835 + 215 = 0 
(125) 1 - 3s + 2 . 34 + 2636 + 2s - 2s33 - 2g33 = 0 
(126) 1 - 3s + 2 . 3” + 2636 + 2g - 21O3 - 2133 = 0 
(127) 1 - 3g + 2 . 3a + 2636 + 2s + 21034 - 21233 = 0 
(128) 1 - 3g - 2 . 3’ - 2 .3’ - 2 . 3’ + 2232 + 215 = 0 
(129) 1 - 39 - 2 . 37 + 2232 - 2”35 - 2535 + 215 = 0 
(130) 1 - 3s - 2 . 3’ + 2232 + 2”38 - 2”3’ + 215 = 0 
(131) 1 - 3g - 2 . 3’ - 2235 + 2238 - 2633 + 2s = 0 
(132) 1 - 3s - 2 .3’ + 23 - 2323 + 2336 + 21132 = 0 
(133) 1 - 3g - 2 . 3’ - 2s3g + 243G + 21”32 + 2lj = 0 
(134) 1 - 3g + 2 . 31° + 2”3” + 2”38 - 233s + 215 = 0 
(135) 1 - 3s + 2 . 31° + 2336 + 2336 f- 2s - 21233 = 0 
(136) 1 - 3g + 2. 310 + 243” + 2’34 + 29 - 21”33 = 0 
(137) 1 - 3s + 2 . 31° + 2434 - 2737 + 21432 + 215 = 0 
(138) 1 - 3s + 2 . 31° - 2”3’ - 2633 - 2s35 + 2s = 0 
(139) 1 - 3s + 2 . 31° - 2437 + 2636 + 2s - 21233 = 0 
(140) 1 + 312 - 2 . 3 - 22311 + 2g + 2s36 - 2=3 = 0 
(141) 1 + 31” - 2 . 3 - 22311 - 2103 + 21432 + 215 c 0 
(142) 1 + 31” - 2 . 37 + 2232 - 273’ - 273’ + 215 zz 0 
(143) 1 + 312 - 2 . 37 + 2”32 - 2835 - 21135 + 215 = 0 
(144) 1 + 312 - 2 . 37 + 2232 + 2838 _ 2103~ + 215 = 0 
(145) 1 + 3= - 2 . 3’ - 22311 + 2”3” + 21432 + 215 = 0 
(146) 1 + 312 + 2 . 31° + 2232 + 2238 - 2”311 + 215 = 0 
(147) 1 + 312 - 2 - 313 + 2232 + 2”31° + 2838 + 215 = 0 
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